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Atomistic simulations, using the second-generation
reactive empirical bond order (REBO) potential, are
performed to investigate the uniaxial tensile behaviors of
single-walled carbon nanotubes (SWCNTs). It is found
that the effect of the nanotube diameters on the elastic
modulus, the tensile strength and the stress vs. strain
relation of SWCNTs is small yet noticeable. However, the
effect of the degree of helicity is significant.
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INTRODUCTION

Carbon nanotubes exhibiting high stiffness, tensile
strength and resilience have attracted much research
interest. Direct measurements of mechanical proper-
ties are difficult to perform on nanotubes—however,
many researchers manage to obtain their elastic
modulus [1–4], tensile strength [4–6], defect struc-
tures and failure behaviors [3,7,8]. Meanwhile,
atomistic simulations have been used to study the
mechanical behaviors of nanotubes [9–24]. Due to
the small size and the use of different experimental
and simulation techniques, many conflicting results
have been reported. For example, some researchers
showed that nanotubes are extremely resilient
[7,9,10,15,23], while others showed that they could
be relatively brittle [4,5,21,22]. Some researchers
have reported that the mechanical properties of
nanotubes are insensitive to diameters and the
degree of helicity [9–11,24], while others reported a
wide range of dispersion: the reported axial elastic
modulus values range from 0.2 to 5.5 TPa [3,4,19] and
the reported tensile strength values vary from 0.005

to 0.093 TPa [3–6,19,23]. So far there is no consensus
or unified understanding on the mechanical beha-
viors of nanotubes.

The measurements of mechanical properties of
single-walled carbon nanotubes (SWCNTs) are even
more challenging due to their small size and the
tendency for bundle formation. It is believed that
their elastic modulus and tensile strength should be
higher than their multi-walled counterparts [3].
To date, atomistic simulations still cannot provide
the conclusive proof of this due to the wide range of
predicted dispersions. So far, most of the simulations
make use of the first-generation of reactive empirical
bond order (REBO) potential [25]. Recently, the
second-generation of REBO potential [26] has been
proposed: this contains improved analytical func-
tions and an extended database as compared to the
earlier version. This leads to a much better
description of chemical and mechanical properties
for hydrocarbon molecules and diamond [14,26,27].
Since the cutoff distance of the second-generation
of REBO has been extended to 2 Å, which is beyond
the inflection point 1.85 Å, it is able to describe
bond breaking and rehybridization [27]. Hence,
it is anticipated that the second generation
REBO potential will be able to provide a better
description for the mechanical properties of carbon
nanotubes.

MODEL

In the present work, systematic atomistic simulations
using the second-generation REBO potential [26]
have been performed to study the effects of
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the diameter and the degree of helicity on the axial
tensile deformation behaviors of SWCNTs. The
simulation temperature is 0K. The leapfrog method
is used in numerical integration. For a SWCNT, the
end atoms are displaced along the axial direction by
small time steps. Subsequently the whole tube is
relaxed by a velocity damping method to allow the
atoms to reach mechanical equilibrium state while
the two ends are fixed. Once the equilibrium state is
reached, the stress of each atom in the SWCNT is
calculated using

sm
ij ¼

1

V0

›Um

›1m
ij

;

where sm
ij ; Um and 1m

ij are the first Piola–Kirchhoff
stress, the potential energy and the Lagrange strain
of atom m, respectively; V0 is the atomic volume at
the reference state.

Different atomic volumes for the reference state
have been used [10,12,20]. Since the stress is
dependent on the choice of V0; the value of V0 will
affect the stress and elastic modulus levels. The
surface area occupied by a single carbon atom in the
reference state is

S0 ¼
3
ffiffiffi
3

p
a2

0

4
;

where a0 is the CZC bond length in the reference
state. Here, the atomic volume in the reference state
is taken as

V0 ¼
3
ffiffiffi
3

p
a2

0b0

4
;

where b0 ¼ 0:34 nm; which is the wall–wall separa-
tion. The Lagrange strain is calculated as

1m
ij ¼

Fm
ik Fm

kj 2 dij

� �
2

;

where F m
ij is the deformation gradient of atom m and

dij is the Kronecker symbol. Since the deformation
gradient is a two point tensor, Fm

ij is calculated by
averaging over its neighboring atoms:

Fm
ij ¼

XN

n¼1

r mn
i

Rmn
j

 !
;

where r mn
i and Rmn

j are the i- and j-th distance
components between atoms m and n in the deformed
and the reference configurations, respectively; N is
the total number of the neighboring atoms within the
cut-off distance of atom m. Hence the deformation
gradient, strain and stress of an individual atom in
SWCNTs can be obtained.

RESULTS AND DISCUSSIONS

The parametric study shows that as long as the
length of the unfixed segment of a SWCNT is three
times larger than the tube diameter, the deformation
gradient at the central part of the nanotube is
uniform and not affected by the loading at the ends.
The uniform deformation gives rise to a uniform
stress and strain distribution. Three typical examples
of the central parts of the reference and deformed
configurations for three different degrees of
helicity of SWCNTs: u ¼ 08; 208 and 308 are given in
Fig. 1. (The degree of helicity is described by u, where
08 # u # 308: u ¼ 08 for zigzag configurations and
u ¼ 308 for armchair configurations [9].) For the
deformed configurations, the uniaxial strain level
is 0.15. (The strain level is at the central part of
the nanotubes.) The diameters of the SWCNTs are
1.8 nm. It can be clearly seen that upon the axial
tension, the deformation at the central parts of the
nanotubes is very uniform. However, the hexagonal
atomic arrangements in the reference states have

FIGURE 1 (a) and (b) are the reference and deformed SWCNTs for u ¼ 08; (c) and (d) for u ¼ 208; and (e) and (f) for u ¼ 308; respectively.
The initial diameters are 1.8 nm. The uniaxial strains for the deformed SWCNTs are 0.15. (Only the central parts of the nanotubes with
uniform deformation are shown).
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been severely distorted and elongated along the axial
direction upon loading. The present atomistic
simulations allow one to fully explore the effects of
the diameters and the degrees of helicity of SWCNTs
on the tensile behaviors.

The stress vs. strain curves for the armchair and
zigzag configurations at different diameters and for
different degrees of helicity at a fixed diameter are
shown in Fig. 2(a) and (b), respectively. Two
important features can be clearly seen from the
graphs. (1) The effect of the degree of helicity on the
stress vs. strain relations is significant. The elastic
moduli, the tensile strengths and the whole stress vs.
strain curves of the armchair nanotubes are much
higher in value than those of the zigzag nanotubes.
(The elastic modulus is calculated by the slope of the
axial stress vs. the axial strain curves at the point of
zero strain). (2) The effect of the nanotube diameters
on the elastic modulus, the tensile strength and the
stress vs. strain relations is small yet noticeable.

The variations of the elastic modulus of SWCNTs
with diameter at three different degrees of helicity
and with the degree of helicity at three different

diameters are shown in Fig. 3(a) and (b), respectively.
The change in elastic modulus with diameter follows
a similar tendency for different values of helicity u.
When the nanotube diameter is small, the elastic
modulus increases with an increase in diameter.
This change can be explained by large curvatures of
small nanotubes, which distort the CZC bonds,
therefore reducing the elastic modulus. However,
when the diameter is large, the elastic modulus
decreases with an increase in diameter. The
maximum elastic modulus for an armchair SWCNT
occurs at approximately 1.0 nm, while for the zigzag
SWCNT, it is approximately at 1.3 nm. The reason for
this decrease is not yet clear. For large diameters, all
curves level off and approach constants with an
average value of 0.97 TPa. As the degree of helicity
increases, so too does the elastic modulus. When the
degree of helicity is low, the increment is slow.
It appears that there is a transitional degree of
helicity after which the increment in the elastic
modulus is severe. For example, the transitional
degree of helicity is approximately 278 for
d ¼ 4:20 nm; while 208 for d ¼ 0:95 nm: The variation

FIGURE 2 Variations of stress vs. strain with the changes in the diameter and with the degree of helicity of SWCNTs. (a) Change in the
diameter for armchair and zigzag SWCNTs. (b) Change in the degree of helicity at a diameter of d ¼ 2:0 nm:

FIGURE 3 Variations of elastic modulus with changes in the diameter and with the degree of helicity of SWCNTs. (a) Change in the
diameter at three different degrees of helicity. (b) Change in the degree of helicity at three different diameters.
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of elastic modulus with the degree of helicity can be
explained by the nature of interatomic bond strength
and bond orientations. In zigzag nanotubes, one-
third of the bonds are aligned along the axial
direction. During axial tension, all of the bonds are
stretched, that is they are under tension. The
resistance to the lateral deformation of SWCNTs is
mainly associated with the change in bond angles
(see Fig. 1(b)). However, for armchair nanotubes,
one-third of the bonds are perpendicular to the
loading directions. During axial tension, these bonds
are in compression, providing a stronger resistance
to the lateral deformation than that of zigzag
nanotubes (see Fig. 1(f)). As a consequence, the
elastic modulus of armchair nanotubes is higher than
that of zigzag nanotubes. When the degree of helicity
slightly shifts away from the armchair configuration,
the compression of these bonds quickly turns into
tension. This explains the severe decrease in elastic
modulus when the degree of helicity slightly
deviates from the armchair configurations.

The variations of tensile strength with diameter
at three different degrees of helicity and with the
degree of helicity at three different diameters are
shown in Fig. 4(a) and (b), respectively. It is shown
that there is an approximately linear relationship
between the diameter and the tensile strength.
As the diameter increases, the tensile strength
of the nanotubes decreases. The absolute values of
the slopes increase with an increase in the degree
of helicity. For the zigzag nanotubes, the curve is
almost flat, indicating that the tensile strength is
insensitive to the diameter of the nanotubes.
The variations of tensile strength with the degree
of helicity at different diameters show a similar
tendency and exhibit a sigmoidal shape. There are
three stages in the curves. Stages I and III are
relatively flat, compared with the slope of Stage II.
It is believed that the tensile strength is related to
the elastic modulus of nanotubes [28], therefore
the reason for the influence of diameter and

the degree of helicity on the elastic modulus may
also be used to explain the change in the tensile
strength.

In the present simulations, the elastic modulus
varies from 0.68 to 1.30 TPa and the tensile strength
varies from 0.066 to 0.131 TPa with a variation of the
diameter and the degree of helicity. The previously
measured and predicted values of elastic modulus
for carbon nanotubes range from 0.2 to 5.5 TPa.
Therefore the range of the present predicted elastic
modulus lies in the middle of the previous results.
The average value of the present simulation results is
0.97 TPa, which is close to the in-plane elastic
modulus of graphite, 1.06 TPa. The reported tensile
strength varies from 0.005 to 0.093 TPa [3–6,19,23].
It is believed that these previously reported values
may be too low [6]. The predicted range here is
higher than the previously predicted one. The tensile
strength has been related to the elastic modulus [28]
by sb ¼ bY; where sb and Y are the tensile strength
and the elastic modulus for perfect nanotubes,
respectively; and b is the proportionality constant,
which ranges from 0.05 to 0.1 [28]. Since the present
predicted range for elastic modulus is from 0.68 to
1.30 TPa, the above relation predicts that the tensile
strength for perfect nanotubes ranges from 0.034 to
0.13 TPa, which lies in the upper part of the present
prediction. It is observed that when the axial strain is
larger than 0.05, the nonlinear elastic deformation
becomes increasingly pronounced. Therefore, to
fully utilize the mechanical properties of SWCNTs
for accurate nanostructure designs, the data on
elastic modulus and tensile strength are not enough,
and an accurate stress and strain relation is
necessary. The present simulations provide useful
information for this purpose.

The elastic moduli obtained in the present paper
are in agreement with the previous results
[12,15,23,24], and the tensile strengths are slightly
higher than that obtained by Yu [4] and Belytschko
[23]. Interestingly, however, the present results

FIGURE 4 Variations of tensile strength with the changes in the diameter and with the degree of helicity of SWCNTs. (a) Change in the
diameter at three different degrees of helicity. (b) Change in the degree of helicity at three different diameters.
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predict that the effect of the diameter of the SWCNTs
is small yet noticeable, and the effect of the degree of
helicity is significant. These features are different
from that obtained using the first-generation REBO
potential and through the use of quantum
mechanical methods, which have shown that the
mechanical properties are either moderate or
insensitive to the diameter and the degree of helicity
of carbon nanotubes [10,11,23,24].

CONCLUSIONS

In conclusion, the second-generation REBO potential
has been used to systematically study the effect of the
diameter and the degree of helicity of SWCNTs on the
axial tensile deformation behaviors. It is shown that
the effect of the diameter of SWCNTs on the elastic
modulus, the tensile strength and the stress vs. strain
relation is small yet noticeable. However, the effect of
the degree of helicity is significant. The present results
may be used to explain the wide range of measured
and predicted elastic moduli and tensile strengths
and may provide useful information for the defor-
mation behaviors of carbon nanotubes.
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